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An introduction to the attributable fraction
The attributable fraction (AF) is a population-specific measure of the proportion of preventable outcomes, e.g. disease cases, had all subjects in the population been unexposed of a specific exposure.
One aspect that have made the AF popular in epidemiology and public health is that it quantifies the
exposure-outcome relationship by taking the exposure prevalence into account. The AF was first used
in the 1950’s by Morton Levin in a study of the relationship between smoking and lung cancer (Levin,
1953) and later on MacMahon and Pugh (1970) defined the attributable fraction in (1) for a binary
outcome Y and a binary exposure X
AF = 1 −

P (Y = 1 | X = 0)
,
P (Y = 1)

(1)

where P (Y = 1 | X = 0) is the outcome prevalence among unexposed and P (Y = 1) is the overall
outcome prevalence in the population. Reading Levin (1953) it is clear that the AF was intended as a
causal measure where the outcome prevalence among unexposed P (Y = 1 | X = 0) serve as a proxy
for the counterfactual outcome prevalence had everyone been unexposed (with exposure status X = 0),
P (Y0 = 1). In absence of confounding P (Y0 = 1) will equal P (Y = 1 | X = 0) but in observational
studies we usually expect confounding. If confounding is present the the definition of the AF in (1)
cannot have a causal interpretation. A definition of the AF which is applicable for both randomized
and observational studies is given in Sjölander and Vansteelandt (2011)
AF = 1 −

P (Y0 = 1)
.
P (Y = 1)

(2)

In order to estimate the counterfactual outcome prevalence P (Y0 = 1) when confounding is present
confounding adjustment is necessary. A range of methods have been developed to adjust the AF for
confounding (Gefeller, 1992; Benichou, 2001). Let Z be a set of covariates sufficient for confounding
control. If Z is observed we can estimate P (Y0 = 1) by adjusting for the covariates Z keeping X = 0
fixed for every subject
P (Y0 = 1) = EZ {P (Y = 1 | X = 0, Z)}.

(3)

One model-based method for adjustment of the AF is to estimate the adjusted probability P (Y = 1 |
X = 0, Z) by logistic regression. By marginalizing over the sampling distribution of Z the population
average EZ {P (Y = 1 | X = 0, Z)} can be estimated (Sturmans et al., 1977; Sjölander and Vansteelandt,
2011). This does not work in case-control studies since the outcomes are fixed by study design. However,
the AF can be re-written as
EX,Z|Y =1 {RR(Z)−X |Y = 1}
where RR(Z) =

P (Y =1|X=1,Z)
P (Y =1|X=0,Z)

(4)

is the risk ratio in every strata of Z. If the disease is rare the risk ratio

can be approximated by the odds ratio in every strata of Z, OR(Z) =

P (Y =1|X=1,Z)/P (Y =0|X=1,Z)
,
P (Y =1|X=0,Z)/P (Y =0|X=0,Z)

EX,Z|Y =1 {RR(Z)−X |Y = 1} ≈ EX,Z|Y =1 {OR(Z)−X |Y = 1}.
1

and
(5)

It is then straight forward to estimate the adjusted odds ratio by logistic regression (Bruzzi et al., 1985).
Model-based adjustment methods for estimating AF have primarily been developed for binary outcomes
in cross-sectional and case-control studies but recently methods for estimating AF have been extended
to time-to-event outcomes (Chen et al., 2006, 2010; Sjölander and Vansteelandt, 2014; Samuelsen and
Eide, 2008). Let T be the time-to-event of interest, e.g. time to death. The AF function is then defined
as
AF (t) = 1 −

P(T0 ≤ t)
,
P(T ≤ t)

(6)

where P(T ≤ t) is the factual probability of an event at or before time t, and P(T0 ≤ t) is the counterfactual probability of an event at or before time t had the exposure been eliminated for everyone at
baseline.
There are several generalizations of the AF for multiple exposures (Eide and Heuch, 2001; Bruzzi et al.,
1985; Eide and Gefeller, 1995; Rämsch et al., 2009) and multiple exposures levels (Eide and Heuch,
2001; Morgenstern and Bursic, 1982; Drescher and Becher, 1997; Taguri et al., 2012) which allow for
more advanced scenarios of the intervention effect. In our projects we focus on the causal aspect of
the AF and the role of the AF in genetic epidemiology. In project 1 we provide tools for estimating a
model-based adjusted AF for different study designs. In project 2 we have developed a model to adjust
for cluster shared unmeasured confounding and in project 4 we will develop a sensitivity parameter for
unmeasured confounding which is specific for the AF and variation independent of the observed data.
In the third project we focus on explaining the relationship between heritability and AF by using the
liability threshold model.

Software for estimating the AF based on different study designs
In practice the availability of statistical methods depends on the availability of the method in statistical
software. Even though model-based estimation of the AF has been developed for most statistical software
(Cox and Li, 2012) there has been no uniform tool for estimating model-based AF for various study
designs in the statistical software R. When we started this project in 2015 there were only three packages
available at CRAN: epiR (Nunes et al., 2015), attribrisk (Schenck et al., 2014) and paf (Chen, 2014).
However, each of these package had its own limitations. For example, the function epi.2by2 in the
epiR package which estimates the AF for cross-sectional, case-control and cohort study designs does
not allow for model-based confounder adjustment. Moreover, the attribrisk package estimates the
AF for case-control and cross-sectional study designs but relies on the ‘rare-disease’ assumption and is
thus in practice restricted to case-control studies. For cohort study designs the AF can be estimated
with the paf package using Cox proportional hazard regression for confounder adjustment. The main
limitation of the paf package is that it does not handle big data (in our simulations it breaks down for
data with around 20,000 observations or more). Another limitation of all these three packages is that
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none of them provides accurate standard errors when data are clustered, e.g. when there are repeated
measures on each subject (Dahlqwist et al., 2016). In our package AF we aimed at solving the limitations
in the other packages and creating a more uniform tool for estimating the AF in different study designs.
For example, we made an effort to make it possible to use large datasets and we used the delta method
and the sandwich estimator for computing analytical standard error in order to reduce the computation
time. We also made it possible to calculated correct standard errors for clustered data. In the latest
version of the package the AF is estimated based on the logistic regression (AFlogit), conditional logistic
regression (AFclogit) and a Cox proportional hazard regression (AFcoxph). As a part of the second
project we also added a function for estimating the AF based on a frailty model (AFparfrailty).

Estimating absolute effects adjusted for cluster shared unobserved confounders
As noted in the introduction, the AF assumes that the relationship between the exposure and the
outcome is causal and in order to estimate a causal effect confounding adjustment is necessary. In most
cases when observational data is used we expect that we have unobserved confounding. For example,
the environment when growing up or genes might influence both the exposure X and the outcome Y .
Assume we have two subjects indexed by j and j 0 in the same cluster i. If we assume that these two
subjects share the unmeasured confounders Ui but may have different exposure status Xij and Xij 0 ,
outcome status Yij and Yij 0 and observed confounder status Zij and Zij 0 , respectively, we can describe
the situation by a directed acyclic graph as
Zij

/ Xij
`

=

Xij 0 o

Zij 0

Ui
  ~

!  

Yij

Yij 0

Figure 1: Directed Acyclic Graph (DAG) of the causal relationship between exposure status X, outcome Y and measured confounders Z and
cluster shared unmeasured confounders U for subject j and j 0 in cluster i.

In survival data, the main method to adjust for cluster shared unmeasured confounders Ui as described
in Figure 1 is the stratified Cox model. In the stratified Cox proportional hazard model we model the
hazard ratio conditioned on the exposure X, covariate Z and cluster i in the following way,
λ(t | Xij , Zij , cluster i) =λ0i (t)eβW Xij +γZij

(7)

where t is the event-time. However, the stratified Cox model does not model the baseline hazard λ0i (t)
and thus, we cannot estimate absolute effects necessary to estimate standardized survival curves or the
3

AF function (Rothman et al., 2008; Sjölander, 2016). An alternative method is the frailty model (which
parallels the random effect model for point outcomes)
λ(t | Xij , Zij , cluster i) =λ0 (t)Ui eβW Xij +γZij

(8)

where it is assumed that we have a cluster-specific ’frailty’ effect Ui which we assume follow some
distribution (Aalen, 1994; Hougaard, 1995; Aalen et al., 2015). The limitation with the ordinary frailty
model is that it does not adjust for cluster shared unobserved confounding (Sjölander et al., 2013).
Thus, there are different limitations with the stratified Cox model and the ordinary frailty model which
hinge absolute risk estimation. Brumback et al. (2010) propose the ‘between-within’ model as a possible
solution to this problem for binary data. The between-model was first described by Mundlak (1978) and
later by Neuhaus and Kalbfleisch (1998). The basic idea with the between-within model is to include a
within cluster effect in order to adjust for cluster shared unobserved confounding. Sjölander et al. (2013)
have described how the between-within model can be used for time-to-event outcomes. Sjölander et al.
(2013) propose assuming a Weibull baseline hazard and a gamma distributed frailty. The between-within
frailty model can be defined as
λ(t | Xij , Zij , ui ) =λ0 (t)Ui eβW Xij +βB X̄i +γZij
=λ0 (t) Ui eβB X̄i eβW Xij +γZij
| {z }

(9)

Ui∗

where Ui∗ = Ui eβB X̄i and are assumed to be i.i.d with following a gamma distribution Ui∗ ∼ Γ( 1θ , θeβB X̄j ).
The between-cluster effect βB captures if there is unobserved confounding (U ) in ui and the withincluster effect βW estimates the within cluster effect of X on Y . We have described how the BW model
can be used for standardization and estimation of the AF. We have also updated the version of the
package AF and stdReg with implementation of standardization and estimation of the AF based on a
Weibull gamma-frailty model.

Sensitivity analysis of unmeasured confounding for the AF
The first and second projects concerned ways to adjust for measured and cluster shared unmeasured
confounding when estimating the AF. In practice it is not always possible to adjust for unmeasured
confounding and this leads to biased estimates. A way to understand the magnitude of the bias due to
different scenarios of unmeasured confounding is to conduct a so called ‘sensitivity’ analysis. Sensitivity
analysis of unmeasured confounding were first mentioned in the 1950s by Cornfield et al. (1959) and later
on a variety of approaches to sensitivity analysis has been described by Schlesselman (1978); Rosenbaum
(1995); Lin et al. (1998) and Greenland (2003). Sensitivity analysis have been developed for Inverse
Probability Weighting (Robins et al., 2000), Marginal Structural Models (Brumback et al., 2004) and
Propensity Score Models (VanderWeele, 2013). Chiba (2012a,b) have shown how the method proposed
4

by Brumback et al. (2004) can be applied to conduct sensitivity analysis of the AF. The problem
with unmeasured confounding when estimating the AF arises in the estimation of the counterfactual
probability of the outcome if all were unexposed, P (Y0 = 1). Chiba (2012a,b) proposes the following
sensitivity parameter δ for assessing the bias in P (Y0 = 1)
δ ≡ P (Y0 = 1 | X = 1, Z) − P (Y0 = 1 | X = 0, Z)

(10)

= P (Y0 = 1 | X = 1, Z) − P (Y = 1 | X = 0, Z)
where X denotes the binary exposure which takes the value 1 for exposed and 0 for unexposed, Y0
denotes the counterfactual outcome had all subjects been unexposed and Z denotes a set of measured
covariates that are adjusted for. The sensitivity parameter δ is assumed to be constant between the
strata of Z. It should be noted that while P (Y0 = 1 | X = 1, Z) is a counterfactual quantity the quantity
P (Y0 = 1 | X = 0, Z) is factual and equal to P (Y = 1 | X = 0, Z) since it is the probability of the
outcome among factually unexposed subjects within a given strata of Z. Moreover, Chiba (2012a) show
how the true AF (AF ) can be expressed as a function of the sensitivity parameter δ and the initial
estimate of AF (AF O ) adjusted only for measured confounders Z
P
P
P
(Y
=
1
|
X
=
0,
Z)
δP (Z | X = 1)P (X = 1)
AF = 1 − Z
− Z
P (Y = 1)
P (Y = 1)
P (X = 1)
δ.
= AF O −
P (Y = 1)

(11)

By giving a range of values of δ the result of the sensitivity analysis can be displayed graphically.
However, the range in which the investigator let δ vary will have the a priori bounds [-1,1] before the
data is observed. After observing the data the possible bounds of δ will depend on the values on the
factually observed outcome in the unexposed group, P (Y = 1 | X = 0, Z), for every strata of Z. Thus,
P (Y = 1 | X = 0, Z) is not variation independent of δ and given the observed distribution of Y and X
the possible values of δ are restricted. Moreover, the observed value of P (Y = 1 | X = 0, Z) is different
for different strata of Z which implies that the values that bound the possible values of δ may change
for every strata of Z. This is not a problem if Z contain few levels but if Z is continuous finding the
bounds of δ is complicated. A solution to this problem is to find another sensitivity parameter which is
variation independent of the observed data. One possibility is to define the sensitivity parameter as the
coefficient of the exposure effect in a logistic regression. We define the counterfactual logistic regression
model as
logit{P (Y0 = 1 | X, Z)} = α + γZ + βX

(12)

We can then define the sensitivity parameter as,
β = logit{P (Y0 = 1 | X = 1, Z)} − logit{P (Y = 1 | X = 0, Z)}.

(13)

The proposed sensitivity parameter β is variation independent of P (Y, X, Z) since the parameters in
a logistic regression are not bounded. Moreover, we can then estimate the counterfactual probability
5

P (Y0 = 1) as,
Z
{P (Y0 = 1 | X = 0, Z)P (X = 0 | Z) + P (Y0 = 1 | X = 1, Z)P (X = 1 | Z)} P (Z) (14)

P (Y0 = 1) =
Z

which we can estimate by two different logistic regression models. The factual probability P (Y = 1 |
X = 0, Z) can be estimated by expit(α + γZ) and the counterfactual probability P (Y0 = 1 | X = 1, Z)
can be estimated by expit(α + γZ + β) where β can be set by the researcher. Similarly, the exposure
model P (X | Z) can be estimated with expit(α∗ + γ ∗ Z) from the logistic regression model logit{P (X =
1 | Z)} = α∗ + γ ∗ Z. Thus, by using the definition of P (Y0 = 1) in Equation 14 we can show that
P (Y0 ) = P (Y = 1 | X = 0) if there is no unmeasured confounding, that is if β = 0
Z
P (Y0 = 1) = [expit(α + γZ){1 − expit(α∗ + γ ∗ Z)} + expit(α + γZ + β)expit(α∗ + γ ∗ Z)] P (Z)
Z

and if β = 0
Z
= expit(α + γZ)P (Z)
Z

=P (Y = 1 | X = 0).
(15)
By this approach the range of values of the sensitivity parameter β will not be restricted by the observed
data and by expressing P (Y0 = 1) as a function of β we can get a graphical description of the magnitude
of confounding bias in the AF.

The AF as a function of heritability
Heritability measures familial resemblance of a trait in a population and is a popular measure in genetic
epidemiology. However, heritability tends to be difficult to interpret as it is a ratio of two variances
and it is often misinterpreted, sometimes as the AF (Visscher et al., 2008). Even though both measures
quantify the effect of a genetic factor on a trait in a specific population the measures estimate different
quantities. While the heritability estimate the proportion of variance in phenotype that can be explained
by genetic variation in a population the AF estimates the proportion of a trait that would be avoided
had a genetic component been eliminated in the population. To our knowledge the exact relationship
between these measures has not been described in the literature. Previous work using the AF in a genetic
context can roughly be divided into estimating the AF for an intervention on the overall genetic effect
and for an intervention on carriers of specific single-nucleotide polymorphisms (SNPs). For example,
Ramakrishnan and Thacker (2012) use twin data to estimate the AF for the overall genetic effect.
A limitation with their approach is that the exposure is defined as elimination of the outcome in the
affected co-twin while the actual exposure of interest is the genetic set-up which confound the association
in outcome status between the twin-pairs. Another approach described in Witte et al. (2014) use genetic
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data on SNPs to estimate the AF. In this application the exposure is defined as carriers of certain SNPs
which implies that the AF is not estimated for the overall genetic effect.
A way to capture the complexity of multifactorial traits is to use a ‘liability model’. In the estimation
of heritability for binary traits it is usually assumed that there is an underlying continuous variable,
the liability, which is composed of genetic and environmental factors that aggregate the liability to the
outcome. The observed outcome status can then be regarded as an indicator of whether the individual
has a liability that precedes a certain threshold on the liability scale (Falconer and Mackay, 1996). A
simplification of the liability model is the commonly used ACE liability model.

Figure 2: The liability threshold model with threshold 0, location intervention of size ∆ and target population for the intervention defined as
b.

In the ACE liability threshold model it is assumed that several small genetic (A), common environmental
(C) and random environmental effects (E) add up to the liability (L). In our approach we combine the
common environmental and random environmental effects into overall environmental effects (E). We
assume that the liability to the outcome is composed of the baseline risk β and additive genetic (A) and
environmental (E) effects such that L = β + A + E. We further assume that the univariate distribution
of A and E are normally distributed with zero mean and variances σA2 and σE2 respectively. From our
assumption of the relationship between the liability, the genetic and the environmental component the
distribution of the underlying liability is also normally distributed with mean β and variance σA2 + σE2 .
In the liability model the joint distribution of the underlying liability (L) and the genetic component
(A) is assumed to be bivariate normal and the correlation between L and A can be shown to equal
the square root of the heritability, h. This parametrization of the liability model can then be used to
link the heritability to the AF. In the model the observed prevalence of the outcome Y represents the
proportion of all subjects that precedes a certain threshold on the underlying liability scale (L). Let
P (Y = 1) denote the outcome prevalence Y in a certain population and let 0 be the risk threshold for
getting the outcome. We can then express the outcome prevalence Y as P (Y = 1) = P (L > 0). In
order to capture the overall genetic effect we propose to use the ACE liability model to estimate the AF.
However, in order to estimate the AF we have to define some intervention as well as a target group for
the intervention. In Figure 2 we describe a hypothetical scenario of the relationship between liability,
7

prevalence and target group of the intervention.
Let Y∆ denote the counterfactual outcome under the scenario in which an intervention is given to all
subjects in the target group. We can then define the AF where the intervention is limited to a specific
target group as
P (Y = 1, target group) − P (Y∆ = 1, target group)
P (Y = 1)
P (L > 0, G > bσA ) − P (L∆ > 0, G > bσA )
=
P (Y = 1)
−1
Φ [Φ {P (Y = 1)}, −b; h] − Φ [Φ−1 {P (Y = 1)} − kh, −b; h]
=
P (Y = 1)

AF =

(16)

Thus, the AF for a limited target group can be expressed as a function of heritability, intervention
effect size, size of target group and prevalence of the outcome. Moreover, by assuming a fixed value
of intervention effect size and target group size the relationship between the AF can graphically be

0.8

expressed as a function of heritability and outcome prevalence,
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Figure 3: The AF as a function of heritability and outcome prevalence given an intervention effect size of 2 and 1 as the target group cut-off.

Likewise we can express the AF as a function of target group size and intervention size effect for a
given prevalence and heritability. This is a potentially useful tool to graphically explain how the AF
can increase with heritability and to understand the impact of intervention effect size and target group
size for the AF for a specific disease and scenario.
Finally, it should be noted that the reliability of heritability estimates from the ACE-model have been
questioned since this estimation strategy is based untestable assumptions of bivariate and univariate
normality (Benchek and Morris, 2013). Therefore we note that the approach for estimating the AF as a
function of heritability is limited to scenarios in which we have multifactorial traits where all risk factors
are small and act additively on the overall risk of the trait.
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